We have calculated quark and anti-quark relaxation time by considering different possible elastic and inelastic scatterings in the medium. Comparative role of these elastic and inelastic scatterings on different transport coefficients are explored. The quark-meson effective interaction Lagrangian density in the framework of Nambu-Jona-Lasinio model is used for calculating both type of scatterings. Owing to a kinetic threshold, inelastic scatterings can only exist beyond the Mott line in temperature and chemical potential plane, whereas elastic scatterings occur in the entire plane. Interestingly, the strength of inelastic scatterings near and above Mott line becomes so strong that medium behaves like a perfect fluid, in that all transport coefficients become very small.
I. INTRODUCTION
The study of transport coefficients at finite temperature and baryon density of strongly interacting matter is a subject of current interest in different contexts. At high baryon density and low temperature, transport coefficients are relevant for the study of an array of phenomena in compact stars [1, 2] , and at high temperatures and low densities, they are relevant in the context of heavyion collisions [3] , mainly in connection with the stronglycoupled nature of the quark-gluon plasma (QGP) produced in those collisions [4] . A weakly interacting QGP was a natural expectation at high temperatures since the early days of QCD because of its asymptotic freedom property. However, that expectation seems not to be realized at current collider energies, as the data on such collisions performed at the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC) can be described in a first approximation by low-viscosity hydrodynamics, a feature that implies a strongly-coupled medium. Here, the most relevant transport coefficient is shear viscosity, η. Still in the context of heavy-ion collisions, another important transport coefficient is electrical conductivity, σ. This coefficient is relevant e.g. for describing the low mass dimuon enhancement [5, 6] measured by the NA60 collaboration [7] at CERN, a subject related to chiral symmetry restoration. Similar to electrical conductivity, thermal conductivity, κ, is still another relevant transport coefficient. The effect of thermal conductivity on the hydrodynamical evolution of the QGP can not be neglected in situations of high baryon density, as thermal conduction takes place in the medium.
Currently, transport coefficients of the QGP can not be calculated directly from QCD using analytical methods. Lattice QCD is delivering its first results on these quantities. For example, results for the electrical conductivity have been reported in Refs [8] [9] [10] [11] [12] [13] [14] , but the results still contain large uncertainties. Extraction of these coefficients from lattice simulations are very challenging because because they are Minkowski-space dynamical quantities and the simulations are performed in Euclidean space-Ref. [15] is a recent review on the subject. Effective models of QCD have been extensively used in the recent years and have been a fundamental source of a great deal of insight on these coefficients. By far, shear viscosity η has attracted most of the attention because of its central role in signalling the strongly coupled nature of the QGP-the literature is too extensive to be reviewed here and but a selective list of references, closely related to the present work, can be found in Refs. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Regarding σ, recent calculations find contradictory results for hadronic matter (pion gas): while Ref. [31] finds the ratio σ/T increasing with T , Refs. [16, 32, 33] find it decreasing with T . Calculations using models intended to describe simultaneously hadronic and partonic matter, like the Parton-Hadron-String-Dynamics model [34] and the Nambu-Jona-Lasino (NJL) model [17] predict σ(T )/T decreasing with T in hadronic phase and increasing in the partonic phase. A calculation employing a holographic model [35] and others employing transport simulations [36, 37] find σ(T )/T decreasing in the partonic phase. Regarding thermal conductivity, its has been addressed in a few references using different models [16] [17] [18] [19] [20] [38] [39] [40] [41] [42] [43] .
Dissipation is a dynamical effect that plays an important in defining the properties of transport coefficients. In a quasi-particle description of the strongly interacting medium, the main source of dissipation are the microscopic elastic and inelastic scattering processes involving the quasi-particles. In most of the models employed to date, the quasi-particles are massive constituent quarks and scalar-isoscalar (σ) and pseudoscalar-isovector (π) mesons, the degrees of freedom associated with the dynamical breaking of chiral symmetry. Earlier [25, 26] and more recent [17, 20, 28] works have investigated the effects of 2 ↔ 2 type of elastic quark-quark scatterings. More recently, Refs. [21-24, 29, 30] have investigated the contributions of inelastic quak-meson processes of the type 1 ↔ 2, finding that those processes play an important role within a narrow temperature window near but above the Mott temperature, a temperature beyond which the pionic bound state delocalizes into its constituents. However, to date no work has investigated the joint effect of the 2 ↔ 2 and 1 ↔ 2 types of scatterings. The present work provides such an investigation within the dynamical framework of the Nambu-JonaLasinio (NJL) model. This model allows us, in particular, to calculate the 2 ↔ 2 and 1 ↔ 2 processes within the same underlying model and, in addition, to take into account in a self-consistent manner the dynamics of chiral symmetry restoration as a function of temperature and baryon density. We find, in particular, that the selfconsistency has a dramatic effect on the transport coefficients.
The paper is organized as follows. In the next section, we address the formalism part, where we define the model and present the standard expressions of the transport coefficients within the Kubo formalism. In section III, we derive the expressions of the thermal widths to the 2 ↔ 2 and 1 ↔ 2 processes. Our numerical results are presented in section IV. Finally, section V present a summary and present the main conclusions of the work.
II. FORMALISM
We employ the Kubo formalism [44, 45] to compute the transport coefficients η (shear viscosity), σ (electical conductivity) and κ (thermal conductivity). In this formalism, the transport coefficients are given in terms of correlation functions of operators involving components of the energy-momentum tensor T µν , the quark-number N µ and the electrical J µ currents. Here, it is assumed a system in the hydrodynamical regime, where relaxation time of the constituents is much shorter than the life time of the whole system. Under such an assumption, the medium is not far from equilibrium and in the evaluation of statistical averages of the energy-momentum tensor and currents only linear terms in spacetime gradients of local thermodynamical parameters (like temperature, velocity field, etc.) are retained; this is the linear response theory and leads to expressions for transport coefficients that coincide with those derived within the relaxation time approximation [46] .
The energy-momentum tensor is given in terms of the Lagrangian density L of the model as
The quark-number N µ and electrical J µ currents are given by
whereQ is the charge matrix given in terms of the elementary electric charge e aŝ
The transport coefficients are given in terms of correlation functions of these quantities as
with β = 1/T , where T is the temperature, and A η (q), A σ (q) and A κ (q) are the spectral functions:
where
with q being the enthalpy per particle, given in terms of the energy density ǫ, the pressure P and net baryon density ρ of the system as q = (ǫ + P )/ρ. In Eqs. (5)- (7), (..) β denotes an appropriate thermal average. We are also interested in presenting results for the ratio η/s, where s is the entropy density, given in terms of ǫ, P and ρ as s = (ǫ + P − µρ)/T , where µ is the baryon chemical potential.
We utilise the NJL model to derive the correlation functions and the thermodynamic functions. The Lagrangian density of the model for u and d flavors is given by [49] 
where m Q is the current-quark mass matrix, which is diagonal with elements m u and m d , and τ = (τ 1 , τ 2 , τ 3 ) are the flavor Pauli matrices. The model is solved in the quasi-particle approximation or, equivalently, in the leading-order approximation in the 1/N c expansion, where N c = 3 is the number of colors. This approximation is also equivalent to the traditional Hartree approximation of many-body theory. In this approximation, the thermal spectral functions and the thermodynamic functions are given in terms of the quark propagator.
We employ the formalism of real-time thermal field theory (RTF) to evaluate the correlation functions and thermodynamic functions. In RFT, the two point function of any field-theoretic operator has a 2 × 2 matrix structure reflecting the time ordering with respect to a contour in the complex plane [47] . The relevant matrix can be diagonalized in terms of a single analytic function, which determines completely the dynamics of the corresponding two-point function -for details, see Ref. [48] .
For example, when neglecting dissipative effects, the 11 component of the quark propagator in the quasi-particle approximation to the NJL model is given by
with k = (k 0 , k) and
where 
where N f = 2 and N c = 3 the numbers of flavor and colors, and n Q (k) and nQ(k) are respectively the Fermi-Dirac distributions of quarks and antiquarks:
Dissipative effects due to fluctuations introduce an imaginary part in the quark self energy giving a thermal width Γ Q , thereof modifying the quark propagator. Using the quark propagator modified by the width Γ Q [48, 50] , η, σ and κ can be readily obtained in the relaxation time approximation [18, 46] or from the one-loop Kubo expression [16, 32, 48] . Their expressions are given by
The explicit expression for the enthalpy h in the present model, together with those for other thermodynamic functions, are given the appendix. The calculation of the contribution of quark-meson fluctuations to Γ Q requires meson masses m M and and quark-meson couplings g MQQ , for M = σ, π. Their expressions in the quasi-particle approximation are well known in the literature [49] , but repeat them here for completeness and setting the notation:
where Π M (ω 2 ) is the proper polarization function
with
The integrals in Eq. (20) are evaluated as principal-value integrals when
For the same reasons, we present the expressions for the pressure P , the energy density ǫ, and baryon den-sity ρ:
The entropy density s and enthalpy density h are related to the above quantities through the following relations:
Another important thermodynamical quantity is the heat function q for each quark, defined by the ratio of enthalpy density to the net quark density, q = h/ρ. This quantity becomes divergent (unphysical) at µ = 0, where net quark density vanishes.
III. COMPUTATION OF THERMAL WIDTHS
We evaluate the thermal width Γ Q including contributions from 2 ↔ 2 and 1 ↔ 2 types of processes. The 2 ↔ 2 processes refer to in-medium quark-antiquark and antiquark-antiquark scatterings mediated by σ and π exchanges, denoted generically by QQ ↔ QQ. The 1 ↔ 2 processes refer to quark-meson fluctuations, denoted by Q ↔ QM .
For the two-flavor case, there are twelve possible QQ ↔ QQ processes, whose matrix elements M QQ↔QQ are written down explicitly in Refs. [20, 25, 26, 28 
Hence, the collisional width of a probe particle with momentum k will be a function of the temperature T and chemical potential µ of the medium, with the momenta p, k ′ , p ′ of the remaining participating particles in the scattering are integrated out, can be written as
where 1 + δ k,p = 2(1) for identical (nonidentical) quarks/antiquarks in the initial and final states. As in Ref. [28] , we include a finite thermal width in the meson propagators in the expressions for |M | 2 . Next, we consider the inelastic processes Q ↔ QM , in which a quark/antiquark can emit or absorb a thermalized thermalized meson from the medium. Their contributions Γ Q↔QM can be obtained from the Landau cut part of quark self-energy coming from quark-meson loops [52] . To evaluate the quark self-energy, we employ the quark-meson interaction Lagrangian densities [53] ,
where the quark-meson couplings are obtained in the NJL model from Eq. (19) . Given these, the imaginary part of the quark self-energy can be evaluated. Analyzing the branch cuts of this quark self-energy at finite temperature, one can easily find the quark pole k = (ω
1/2 for m M > 2M Q , and write for Γ Q↔QM [48] :
where u = k − l, n M (u) is the Bose-Einstein distribution for mesons with energy ω
and
The contributions from antiquarks are obtained from Eq. (29) by replacing n Q (ω l Q ) by nQ(ω l Q ). Finally, we define average thermal widths Γ QQ↔QQ and Γ Q(QM) by the averages of Γ QQ↔QQ (k, T, µ) and Γ Q↔QM (k, T, µ) over the thermal distributions:
IV. RESULTS
The parameters of the model are fixed to obtain realistic values for the quark condensate ūu = d d = (−252 MeV) 3 , pion leptonic decay constant f π = 94 MeV and the pion mass m π = 142 MeV. The parameters to be fixed are the current quark masses m Q = (m u , m d ), the coupling G and the cutoff mass Λ. In present calculation, they are fixed to m Q = m u = m d = 5 MeV, GΛ 2 = 2.14, and Λ = 653 MeV. At T = 0 and µ = 0, the constituent quark and σ meson masses are
MeV and m σ = 663 MeV. For completeness and clarity of presentation of our results on the transport coefficients, we present in Fig. 1 the T and µ dependences of the quark and meson masses and quark-meson couplings, and in Fig. 2 we present the thermodynamical functions . Figure 1 reveals the well known facts that while the constituent quark mass M Q and the m σ ≃ 2M q and g πQQ drop significantly up to a pseudocritical temperature, the π mass and g σQQ change very little with T . In addition, the pseudocritical temperature decreases when µ increases, reflecting the fact that both T and µ lead to a partial restoration of chiral symmetry. For values of T sufficiently higher than the pseudocritical temperature, the meson masses and quark-meson couplings become degenerate, reflecting the restoration of the approximate chiral symmetry of the Lagrangian. Figure 2 presents the results for the thermodynamical functions h, ρ, q and s, normalized by the appropriate powers of T to obtain dimensionless ratios. To emphasize the effect of dynamical chiral symmetry breaking on those functions, they are also shown (red dotted lines) for massless quarks, i.e. they are calculated by setting M Q = 0 in Eqs. (22)- (26) . Clearly, at low (T, µ) values the effect of symmetry breaking is substantial and at high T one has the recovery of the Lagrangian symmetry. The heat function q = h/ρ increases substantially for small values of µ because the net quark density ρ decreases as µ → 0. The thermal conductivity κ, being proportional q, increases substantially for small µ as well. Next, we present our results for the transport coefficients. To get insight into the importance of using a thermal width Γ Q (k, T, µ) in which the QQ ↔ QQ and Q ↔ QM physical processes are treated consistently with the dynamics of chiral restoration, let us initially contrast results for the transport coefficients when one uses a (T, µ)-independent thermal width in Eqs. (16)- (18) . We choose Γ ≡ 1 fm −1 -we often refer to the relaxation time, which is the inverse of the thermal width, τ = 1/Γ. The results for a (T, µ)−independent Γ(k, T, µ) are shown in Fig. 3 , while those with the full (T, µ) dependence of Γ(k, T, µ) are shown in Fig. 4 . Clearly, they are markedly different. While the results in Fig. 3 are determined solely by phase space, those in Fig. 4 feature the interplay between smooth contributions from the QQ ↔ QQ scattering processes (Sc, dotted lines) and Landau-cut cusp contribution from the Q ↔ QM processes (LD, dashed lines). The results are easily understood examining in detail the Sc and LD contributions to the thermal widths, which we discuss next.
The temperature dependence of Γ and of its inverse τ is shown in Fig. 5 for two values of the chemical potential, µ = 0 and µ = 0.15 GeV. As can be seen in the figure, while the scattering (Sc) contribution is a smooth function of the temperature, the Landau-cut (LD) features a cusp at a critical temperature T M , the Mott temperature. This is a threshold temperature beyond which
, when the pionic bound state delocalizes into its constituents. The Mott temperature, although closely related to the chiral pseudocritical temperature discussed before, in the present model it is larger than the latter. In the chiral restored phase the system consists of a mixture of quarks and antiquarks and pions and for T > T M the pions as bound states disappear-for a thorough discussion on these temperatures, and their relation to the one of quark deconfinement, see e.g. Refs. [26, [54] [55] [56] . Therefore, below T M , the LD contribution to the thermal width is zero. Beyond T M , the thermal width gets strongly enhanced, meaning that that quarks and antiquarks quickly thermalize in the medium. The figure also reveals that T M decreases with µ. One can also identify a Mott chemical potential µ M , as shown in Fig. 6 . For T = 0.150 GeV, µ M ∼ 0.2 GeV. Notice also that while the quark and anti-quark Sc and LD contribuions are equal for µ = 0, they are differ- ent at finite µ, a feature that is obviously due to the different dependence with µ of the quark and antiquark Fermi-Dirac distributions. We note that both quark and antiquark have the same T M and µ M , but they seem different in Figs. 5(b) and Fig. 6 (a) because the quark contribution becomes too small close to threshold to become visible in those graphs. It is important to note that a cusp structure might not be present when using different set of model parameters which predict different values for the constituent-quark masses and quark-meson couplings. For example, Refs. [20, 25, 27] found a valley structure near the Mott transition temperature instead of a cusp structure. Let us return to the transport coefficients. The η/s curve in Fig. 4 reveals interesting features. Below the chiral pseudocritical temperature, the magnitude of η/s is much larger than the KSS bound [51] , η/s = 1/4π, shown by the horizontal red line in that figure, indicating that matter at those temperatures may not at all behave like a perfect fluid. However, beyond Mott temperature, η/s is abruptly reduced and approaches to KSS bound, crossing that bound at T ∼ 0.275 GeV. The main cause for this behavior is the LD the contribution, which dominates the Sc contribution beyond the Mott temperature. We tress that at those high temperatures, there migh exist additional contributions coming from gluonic degrees of freedom, which are not explicitly taken into account by the model and might raise the value of η/s. In the context of the present model, the message is that the LD contribution due to Q ↔ QM inelasticscatterings in the medium is the origin of perfect fluid nature of quark matter near and above Mott temperature. The same is true for the electrical and thermal conductivities, they are also small for high values of T and µ due a lower relaxation time of quarks due to inelastic scatterings.
V. SUMMARY AND CONCLUSIONS
In this work we have made a comparative study of the relative contributions of elastic 2 ↔ 2 and inelastic 1 ↔ 2 scatterings in electrical and thermal conductivities and shear viscosity of strongly interacting matter in the context of the NJL model. This is the first study taking into account both types of scatterings; previously, Refs. [17, 20-26, 29, 30 ] of effective QCD model calculations, Refs. [21-24, 29, 30] have estimated 1 ↔ 2 type scattering like quark ↔ quark + meson by calculating quark self-energy for quark-meson loop at finite temperature. These 1 ↔ 2 type scattering contribute within a very narrow temperature window, which is near but above Mott temperature. On the other hand, Refs. [17, 20, 25, 26] have investigated the contributions of 2 ↔ 2 type scattering of quark in the transport coefficients, which contribute in entire temperature range. A simultaneous role of 2 ↔ 2 and 1 ↔ 2 type scatterings on transport coefficients has never been studied and the present work has provides such an investigation.
In the language of the Kubo formalism, the T and µ dependence of transport coefficients has two sources in this model. One is thermodynamical phase-space via the Fermi-Dirac distribution functions, which have explicit and implicit through the quark masses T and µ dependences. The other is via the thermal width, which is calculated here self-consistently with the dynamics of chiral restoration taking into account elastic and inelastic scatterings. The self-consistency has a dramatic effect on the transport coefficients, as we demonstrated by comparing the self-consistent results with those obtained with a constant thermal width. In this case, shear viscosity to entropy density ratio η/s and electrical conductivity to temperature ratio σ/T increase with both T and µ. Their rate of increments are changed when one approaches from hadron to quark phases in T -µ plane. Owing to the definition, thermal conductivity is generally diverged at µ = 0 but its divergence is removed for finite µ. It rapidly decreases with µ because of thermodynamical quantity, enthalpy to net quark density ratio h/ρ, and then after µ = 0.150 GeV, it remain more or less constant, whose strength is proportionally determined by relaxation time.
Next, an explicit T and µ dependence of thermal width of quark has been calculated from different quarkquark, quark-anti-quark elastic scatterings via meson exchanges and quark-meson in-elastic scatterings. All are in-medium scatterings and similarly, one can calculate anti-quark relaxation time by considering suitable diagrams. The in-elastic scatterings are estimated from imaginary part of quark self-energy due to quark-meson loops. Due to Mott effect, the quark meson in-elastic scattering has certain T -µ threshold, beyond which it becomes non-zero. However, elastic scatterings provide non-zero relaxation time in entire T -µ plane. Along the Mott curve or T M -µ M curve, it carry a mild cusp structure, which is also reflected in the (T, µ) profile of trans-port coefficients. Adding elastic and in-elastic scatterings, we get total relaxation time of quark and anti-quark, for which we get very small η/s, close to its KSS bound. However, this possibility is expected near and above Mott curve in T -µ plane, where in-elastic scatterings suddenly blow up. Within this T -µ window, our outcome is supporting the picture of perfect fluid nature, observed in RHIC matter. Due to this lower relaxation time in this T -µ window, the other transport coefficients like electrical and thermal conductivities will also be small.
